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Abstract. It is well-known that for expansive maps and continuous 
potential functions, the specification property (for the map) and the 
Bowen property (for the potential) together imply the existence of a 
unique equilibrium state. We consider symbolic spaces that may not 
have specification, and potentials that may not have the Bowen prop- 
erty, and give conditions under which uniqueness of the equilibrium 
state can still be deduced. Our approach is to ask that the collection 
of cylinders which are obstructions to the specification property or the 
Bowen property is small in an appropriate quantitative sense. This al- 
lows us to construct an ergodic equilibrium state with a weak Gibbs 
property, which we then use to prove uniqueness. We do not use in- 
ducing schemes or the Perron-Frobenius operator, and we strengthen 
some previous results obtained using these approaches. In particular, 
we consider /3-shifrts and show that the class of potential functions with 
unique equilibrium states strictly contains the set of potentials with the 
Bowen property. We give applications to piecewise monotonic interval 
maps, including the family of geometric potentials for examples which 
have both indifferent fixed points and a non-Markov structure. 



1. Introduction 

An equilibrium state for a topological dynamical system (X, f) and a 
potential ip £ C(X) is an invariant measure that maximises the quantity 
hfj,(f) + / ipd/j,. For a symbolic space, every continuous function has at least 
one equilibrium state. We establish uniqueness in a setting which improves 
previous results by simultaneously relaxing the structural requirements on 
X and the regularity properties of ip. 

It was shown in [Bow 74] that uniqueness holds when (X, /) satisfies 
expansivity and specification and cp satisfies the Bowen property (Defini- 
tion [2?2]); in particular, this is true if X is a mixing shift of finite type and 
ip is Holder continuous. Working in the symbolic setting (where expansivity 
is automatic), we give weakened versions of the specification property and 
the Bowen property that still suffice to prove uniqueness, and verify these 
conditions for specific examples. In particular, we obtain the following. 

Theorem A. Let (X, f) be a /3- shift or a shift with the classical specification 
property (Definition \2.1\) . Then there is a class of potentials B C C{X), 
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strictly containing the potentials with the Bowen property, such that every 
cp G B has a unique equilibrium state. Furthermore, this equilibrium state 
has the weak Gibbs property (j2.2f) and is the weak* limit of the periodic orbit 
measures 



As an application, for any j3 -transformation, every Holder continuous func- 
tion has a unique equilibrium state. 

Theorem [X] summarises results from N3.ll §3.21 §3.31 and §4.2[ and is an 
application of our more general result, Theorem [Cl which gives explicit con- 
ditions on the language of a shift space which guarantee the existence of 
a unique equilibrium state. Before we explain these conditions, we further 
discuss our applications. Theorem [X] generalises previously known results 
in two directions. On the one hand, for /^-shifts (which generically do not 
have specification), uniqueness of the equilibrium state was established by 
Walters for Lipschitz potentials [Wal78|, and by Denker, Keller and Ur- 
banski [ DKU90] for potentials <p with the Bowen property, but only when 
supy? < P(f). In particular, Theorem [X] is the first result to establish 
uniqueness of equilibrium states for every Holder continuous function on 
the /3-shift. 

On the other hand, Theorem Rl gives new results for potentials without 
the Bowen property, even for shifts with specification. We describe a new 
class of potentials with unique equilibrium states, generalising a variant of 
the family of grid functions defined by Markley and Paul [MP821 HTlOj . 
This class of potentials includes the pioneering examples on the full shift 
studied by Hofbauer |Hof77j . Other results on potentials which are not 
Holder continuous have appeared in [PZ06, Hu08j. The following result is a 
special case of our analysis in § §3.2| [3~3l 

Theorem B. Let X be a /3-shift or a shift with the specification property, 
and suppose that X contains the fixed point = 000 • • • . Let k(x) be the 
number of initial 0s in the sequence x € X , and let <p(x) = <p r (x) + (po(x), 
where <p r has the Bowen property, <po(0) = 0, and for x ^ 0, <po(x) = a-k(x) 
for some sequence a n satisfying lim^^co a n = 0. If \ J2 n >i a ™l = 00 > then tp 
does not have the Bowen property. Nevertheless, if 



then there exists a unique equilibrium state fi v for (p. Furthermore, has 
the weak Gibbs property (12. 2p and is the weak* limit of the periodic orbit 
measures (11. 1ft . 

When X has specification, we also obtain results (Theorem [32]) where cpo 
depends in a precise way on the structure of an arbitrary subshift Y C X. 
Thus, the class B mentioned in Theorem lAl contains many potentials besides 
those in Theorem IBl 



(1.1) 




(1.2) 



p(0)<P(A» 
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We apply our results to certain piecewise expanding maps of the interval. 
The following example, which is studied via an application of Theorem [Bj is 
a generalisation of the Manneville-Pomeau map. This example is developed 
rigorously in fJH and demonstrates the efficacy of Theorem iBl 

Example 1.1. Fix 7 > and < e < 1. Define a piecewise monotonic map 
of the interval [0, 1] by f(x) = x + jx 1+£ (mod 1). Consider the geometric 
potential <p(x) = — log \f'(x)\, which does not have the Bowen property. This 
system can be modeled by a /3-shift and the potential tip can be modeled by 
a function satisfying the hypotheses of Theorem\B\ whenever t < 1. As a 
consequence of Theorem the potential tip has a unique equilibrium state 
for t < 1 and hence the map t 1— > P(tip) is C 1 in this domain. 

When 7 = 1, we obtain the Manneville-Pomeau map, where the ther- 
modynamics have been thoroughly studied [PS92J IUrb96 , PW99[ ISarOlj . 
often using the technique of inducing. For 7 / 1, although a proof using 
inducing schemes |You99t IPS081 IBT09| is likely to be possible, a number of 
technical hypotheses must be verified and to the best of our knowledge, the 
details have never been worked out. This example demonstrates that our 
techniques can be a very useful alternative to inducing. 

We now discuss the ideas behind our more general main result, Theo- 
rem [Cj which provides abstract conditions implying uniqueness of the equi- 
librium state for a potential ip on a shift space (X, a). We develop the 
approach that we introduced in |CT10| . The idea is that while specification 
and the Bowen property may not hold on the entire language of the shift 
space, we can still ask for them to hold on a collection of 'good' words; 
then we can require that the set of words that fail to be good is small in an 
appropriate sense. 

The good words can be chosen to deal with either the failure of the spec- 
ification property (e.g. for /3-shifts), or the failure of the function to satisfy 
the Bowen property everywhere on the space (e.g. the potentials described in 
Theorem |B] on the full shift), or both simultaneously (e.g. those same poten- 
tials on the /3-shifts). The ability to deal with both of these non-uniformities 
concurrently is an important advantage of our approach. 

We use a standard argument to construct an equilibrium measure as the 
limit of 5-measures supported on a set of orbits corresponding to words of 
length n, with each orbit given a weight proportional to e SnV ^ x '. A crucial 
step in our argument is to show that this measure satisfies a Gibbs property 
on the collection of 'good words'. This ensures that there is no room for any 
mutually singular equilibrium measure, and combined with an ergodicity 
argument, this proves uniqueness. 

We apply our results to expanding piecewise monotonic maps, includ- 
ing the /3-transformation, and also consider cases where the map is non- 
uniformly expanding, as in Example ll.il 

Our techniques are well adapted to the operation of taking factors. We 
use results from |CT10| to establish uniqueness of equilibrium states for 
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symbolic spaces (X, a) which are factors of /3-shifts. In this case, we prove 
uniqueness of equilibrium states for potentials ip which satisfy the Bowen 
property and the additional hypothesis sup(£ — inf (p < h top (X). 

In SJ2X we formulate necessary definitions and state Theorem [Cl which is 
our main result. In Jfl we apply Theorem [C] in the symbolic setting, and 
state various results that prove Theorem [Bj In §4j we apply our results to 
certain interval maps and develop Example 11.11 in more detail. In £j5j we 
prove Theorem [Cl and in Sj6l we prove lemmas and propositions from §$3HH 

2. Definitions and statement of result 

2.1. Notation and general definitions. A topological dynamical system 
is a compact metric space X together with a continuous map f:X—>X. 
We restrict our attention to the case where X C ^4 N for some finite set A, 
called an alphabet, and / = a is the shift map, defined by a{x) n = x n+ \. 
We use the notation for the shift space {0, ... ,b — 1} N . We use the 
abbreviation SFT for a shift of finite type. 

Our results (like those in [CTlOj ) apply equally well when X C A z but all 
of the examples in this paper are one-sided, so the non-invertible case will 
be our focus. We recall some basic results and establish our notation. We 
refer the reader to [Wal82[ Chapter 9] and [LM95] for further background 
information. 

The language of X is the set of finite words that appear in X. We denote 
the language of X by C. To each word w we associate the cylinder 

[w] = {x G X | W = X\X2 ■ ■ ■ X\ w \}, 

where \w\ denotes the length of the word w. Thus, the language of X can 
be characterised by w E C 44> [w] ^ 0. Given two words v = v\ ■ ■ ■ v m and 
w = W\ ■ ■ ■ w n , we write vw = v\ ■ ■ ■ v m w\ ■ ■ ■ w n . Given collections of words 
A, B C C, we write 

AB = {vw e C | v G A, w G B}. 

Note that only words in C are included in AB. 

Unless otherwise indicated, we use superscripts to index collections of 
words, and subscripts to index the entries of a given word. That is, if we 
have a collection of words {w}, then is the j word in the collection and 
w\ is the i th entry of the word . We write C n for the set of words in C 
with length n. Let C(X) denote the space of continuous function on X and 
given (p G C(X), define a function ip n : C n — > M by 

tp n (w) = sup S n (p(x), 

x£[w] 

where S n tp(x) = <p(x) + ip(ax) + • • • + ip{a n ~ 1 x). Given a collection of words 
V C C, we write V n = V n C n , and we consider the quantities 

w£T> n 
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The (upper capacity) pressure of (p on V is given by 
P(V,ip) = rrrn" - log A„(£>, y>). 

n— >oc n 

When T> = C, we recover the standard definition of topological pressure, 
and we write P((p) or P(X, ip) in place of P(C, ip). 

Let A4 a (X) denote the space of shift-invariant Borel probability measures 
on X. We write h(/i) for the measure-theoretic entropy of fi G A4 a (X). The 
variational principle states that 

P(tp) = sup lh(fj,) + J (pdfi fie M a {X)\ . 

An invariant probability measure that attains this supremum is called an 
equilibrium state for (p. 

We write Per n for the collection of periodic points of period n - that is, 
Per n = {x G X \ a n (x) = x}. Observe that this differs from the notation 
in [CT10| . where Per n denoted points of period at most n. 



2.2. Specification properties and regularity conditions. As in [CTlOj . 
we formulate specification properties that apply only to a subset of the lan- 
guage of the space. Our definition applies to naturally defined subsets of the 
languages of many examples, such as /3-shifts, that do not have specification. 

Definition 2.1. Given a shift space X and its language C, consider a subset 
Q C C. Fix t G N; any of the following conditions defines a specification 
property on Q with gap size t. 

(W): For all m £ N and w , w m G Q, there exist v , w m_1 g £ 
such that x := w 1 v l w 2 v 2 ■ ■ ■ v m - 1 w m £ £ and \v l \ < t for all i. 

(S): Condition (W) holds, and in addition, the connecting words v l 
can all be chosen to have length exactly t. 

(Per): Condition (S) holds, and in addition, the cylinder [x] contains 
a periodic point of period exactly \x\ + t. 

In the case Q = C, we will refer to (Per) -specification as the classical speci- 
fication property; this is the specification property introduced by Bowen. 

We now define the regularity condition that we require, which generalises 
the well known property introduced by Bowen in [B ow74| . 

Definition 2.2. Given n G N and Q C C, let 

V n (G,S n ip) = sup{\S n ip(x) - S n ip(y)\ | x,y G [w],w G G n }- 

A potential ip has the Bowen property on Q if sup neN V n (Q,S n <p) < oo. 
Denote the set of such potentials by Bow((/). If <p has the Bowen property 
on C, then we just say that (p has the Bowen property. 
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2.3. Main result. We consider decompositions of the language: collections 
of words C p , G,C S C C such that C P QC S = C. Every word in C can be written 
as a concatenation of a 'good' core (from Q) with a prefix and a suffix (from 
C p and C s ). Given such a decomposition, we consider for every MeN the 
following 'fattened' set of good words 

Q(M) = {uvw G C\u eC p ,v G Q,w eC s ,\u\ < M,\w\ < M}. 

Note that [j M Q{M) = C, so this gives a filtration of the language. 

Theorem C. Let (X,a) be a subshift on a finite alphabet and cp G C(X) a 
potential. Suppose there exists collections of words C P ,G,C S C C such that 
C P QC S = C and the following conditions hold: 

(I) Q{M) has (S)- specification for every M; 

(II) ip G Bow(g); 

(III) The collections C s and C p satisfy 
(2.1) Yl A «( CP u CS > ^)e~ nP(v) < oo; 

n>l 

Then ip has a unique equilibrium state [i^, which satisfies the following weak 
Gibbs property: there exists constants K', Km > such that for every n G N 
and w G Q{M) n , we have 

(2-2) K M < ffM , < K>. 

If (S) -specification is replaced with (Per) -specification in Condition then 

^ = lim — 1 _ , . V e s ^ (x) 5 x . 

™E. G Per eSnV{x) c p 

Remark 2.1. If P(C P UC s ,cp) < P(<p), then Condition (JlTTJ) holds. 

Remark 2.2. When tp = 0, the conditions in the main theorem of |CT10| 
imply the conditions above except with (W)-specification in place of (S)- 
specification in (JTJ> . The theorem holds true if we assume (W)-specification 
in (jl]) but it leads to some additional technicalities in the proof. The stronger 
assumption is made purely out of convenience and is satisfied by all examples 
under consideration here. 

Remark 2.3. Because we assume that Q{M) satisfies (Per)-specification for 
every M , we obtain a stronger result concerning the periodic orbit measures 
than the corresponding result in |CT10] , where we considered measures sup- 
ported on periodic points of period at most n. 



Remark 2.4. The Gibbs property (12.2f) shows that /i is fully supported on X. 
If X is a non-trivial shift space (i.e. contains an infinite number of points), 
this shows, by ergodicity, that (i has no atoms. 
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Remark 2.5. Theorem ICl applies both when X is one-sided (i.e. X C A^) 
and two-sided (i.e. X C A z ). The role of the prefix collection C p seems 
to be much more important in the two-sided case. Indeed, for all of the 
examples considered in this paper, which are one-sided, C p = 0. In [CT10| . 
we gave many two-sided examples (5-gap shifts and coded systems) where 
the prefixes are indispensable. We also note that in the two-sided case, the 
notation [w] refers to the standard two-sided central cylinder. 

3. Symbolic Examples 

In this section, we apply TheoremlClto symbolic systems. In §3,14 we show 
that every function on a /3-shift which has the Bowen property satisfies the 
hypotheses of Theorem ICl In §3.21 we prove TheoremlBl (and more) for shifts 
with specification. In §3.31 we prove Theorem [B] for /3-shifts. Combining 
these results yields the full statements of Theorems [A] and [Bl 

3.1. /3-shifts. Fix f3 > 1, write b = and let € { 0, 1, . . . , b - 1} N be 
the greedy /3-expansion of 1 (see [CT10| |Par60| IMai07j for details). Then 
w@ satisfies 

oo 

(3.1) £>f/r j ' = i, 

3=1 

and has the property that a k {w^) ■< for all k > 1, where ^ denotes the 
lexicographic ordering. The /3-shift is defined by 

(3.2) Ep = jx € {0, 1, . . . , b - 1} : a k {x) < w p for all k > l} . 

For the rest of this exposition, we assume that w 13 is not eventually periodic. 
This happens for Lebesgue almost every j3, and is the interesting case for 
our analysis. Although our methods apply equally well when w@ is eventu- 
ally periodic, in this case is a sofic shift, and thus the thermodynamic 
formalism is already well understood. 

We showed in |CT10] that the language of can be decomposed as 
C = GC S , where C s n = {w{ ■ ■ ■ w%}. We briefly review the construction, and 
show that Q{M) has (Per)-specification for every M. 

Every /3-shift can be presented by a countable state directed labeled graph 
T^, as follows (see [BH861 PS07. C TlOj ). Consider a countable set of vertices 
labeled i>i,i>2, • • •• For every i > 1, we draw an edge from Vi to Wj+i, and 
label it with the value . Next, whenever > 0, for each integer from 
to wf — 1, we draw an edge from V{ to v\ labeled by that value. 

The /3-shift can be characterised as the set of sequences given by the labels 
of infinite paths through the directed graph which start at v\. For our set 
Q, we take the collection of words labeling a path that begins and ends at 
the vertex v\. It is clear that 

(1) such paths can be freely concatenated, and each one corresponds to 
a periodic point - in particular, Q has (Per)-specification with t = 0; 
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(2) Q{M) is the set of words labeling finite paths that begin at v± and 
terminate at some vertex Vi such that i < M. 

(3) if tm = maxjlength of shortest path from Vi to V\ | < i < M}, 
then Q{M) has (Per)-specification with t = tm- The 'gap' can be 
made to be exactly tm rather than at most tm by padding out with 
a string of O's based at v\ if necessary. 

It is clear from the graph presentation of that every word in C can be 

written as a word from Q followed by a word in C s = {w± ■ ■ ■ Wn | n > 1}. 
From the remarks above, Condition (JI|) is satisfied. 

Suppose if has the Bowen property; then Condition (JTTJ) is immediate. 
Thus in order to apply Theorem |C| it remains only to show that if satisfies 
Condition . Because is a singleton for all n, this amounts to checking 
that 

(3.3) ^ e ^K)-nP(s 8lV ) <00; 

n>l 

and thus it suffices to show that 

(3.4) hm" -S n <p(wP) <P(Z{},<P)- 

n— >oo fi 

Proposition 3.1. Suppose 92 G Bow(Eg). Then (|3.4|) holds. 

It follows from Proposition 13.11 and Theorem [C] that every 99 E Bow(S / g) 
has a unique equilibrium state. In particular, every Holder continuous po- 
tential ip on T,p has a unique equilibrium state. 

3.2. Non-Bowen potentials. Let X C be a shift space, and fix an 
arbitrary subshift Y C X. We describe a class of potentials on X for which 
the Bowen property fails due to a detoriation in the regularity of the poten- 
tial at points close to Y. We give conditions under which our main theorem 
can be applied to give a unique equilibrium state. 

Our potentials are similar in spirit to the functions considered in [Hof77[ 
IMP82j and §7 of |IT10j . A motivating example, described fully in JOJ 
is when Y is the fixed point at 0, and the function models the geometric 
potential for the Manneville-Pomeau map. 

In general, when Y is a non-trivial subshift, the (lack of) regularity in 
our class of potentials is allowed to depend in a very precise way on the 
structure of Y, as follows. Consider the set 

T{X, Y) := {w G C(X) \ C(Y) | Wl ■ ■ ■ w ]v>hl G C(Y)}, 

whose elements are forbidden words of minimal length for F in J. Observe 
that [v] D [w] = for every v, w G T(X, Y), and define a countable partition 
of X by 

V(X, Y) := {[w] I w G T(X, Y)} U {Y}. 
For example, if X = {0, 1} N and Y = {0}, then 

V(X,Y) = {{0}, [1], [01], [001], [00001], . . .}. 
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If X = {0, 1, 2} N and Y = {0, 1} N , then 

V(X,Y) = {Y, [2], [02], [12], [002], [012], . . .}. 

Definition 3.1. A grid function for the partition V(X,Y) is a function <po 
of the form po = YlweTfx Y) "io^H' where {a w } are real numbers such that 
lim n ^oo max we jr( X Y ) n a w = 0. 

Let A = A(X, Y) be the set of potential functions p = p r + cpo such that 
(p r G Bow(C(X)) (the subscript r denotes 'regular') and (po = Y^ w ^1^] is 
a grid function for V(X, Y). In many cases, a function (p £ A does not have 
the Bowen property on X (see Proposition I3.6|) . However, given <p € A, 
there is a natural way to choose a collection Q on which (p has the Bowen 
property. This gives us a natural setting where our main theorem may be 
applied. 

Theorem 3.2. Suppose X C A N is a shift with specification on a finite 
alphabet, and let Y C X be an arbitrary subshift. Consider the class of 
potentials B = {ip G A(X, Y) \ P(Y,<p) < P(X, p)}. Then every (p € B has 
a unique equilibrium state. Furthermore, this equilibrium state has the weak 
Gibbs property (I2.2D and is the weak* limit of the periodic orbit measures 

Proof. We write down suitable collections Q and C s in order to apply our 
general theorem. For any I > 0, we can define the collections 

G l = {we C(X) | *W-*{w) I C(Y)}, 

C s ' e = {we C(X) | w k ---w k+i G C{Y) for all 1 < k < \w\-£}. 

For a suitably chosen £, we will let Q = Q IL and C s = C s ' e . Given an arbitrary 
w G C-{X), we can decompose u; as uv, where every subword of v with length 
£ is in C(Y), and hence v G C s , while the word comprising the last £ symbols 
of u is not in j£(Y), and hence u € Q. 

Lemma 3.3. ip G Bow(^) for every ip G »4(X, Y) and £ > 1. 

Proof. It suffices to show that </?o £ Bow(^). Given w G £? , observe that 
for all < A; < \w\ — I, ipo is constant on each [<r fc (t(;)]. It follows that for 
every x, y G [w] , we have 

2V 

|S n </2o0c) — (2/) I < ^2 l^oi^ix)) - p (a 3 (y))\ <2£\\po\\- □ 

Lemma 3.4. There exists £ such that P(C s,e ,tp) < P(X,ip). 

Proof. For ease of exposition, we break the proof into two cases. 

Case 1: Y is an SFT or there exists an SFT Z such that Y = Z D X . 
Let J 7 be a finite collection of forbidden words which describes the SFT (see 
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[LM95j for details), and take £ = max{H w G J}. Then C s > 1 = C(Y) and 
a short calculation combined with the assumption that p £ B shows that 
P(C s >*,p) = P(Y,p)<P(X,p). 

Case 2: Y is an arbitrary subshift. Let Ze be the SFT whose forbidden 
words are all words of length at most £ in \ C(Y), and let Yi = Zg n X. 
We have Yi = Y. An easy generalisation of the proof of Proposition 4.4.6 
of [LM95| shows that lim^oo P{Y i} p) = P(Y, p). Since P(Y, <p) < P(X, p), 
we can choose £ sufficiently large so that P(Yg,(p) < P(X,p>). Just as in 
case 1 of the proof, a short calculation shows that P(C s ' e , <p) = P(Yf, p). □ 

Remark 3.5. Up to this point, we have not used the fact that the shift has 
specification. In particular, Lemma 13.31 shows that for all subshifts Y C X 
and ip G A(X, Y), if Q C Q l for some £>1, then (p G Bow(£). 

Returning to the proof of Theorem l3.2l we let I be as in Lemma f3.4l and let 
G,C S be as in (13. 5h . We check the hypotheses of Theorem O Condition (jTJ) 
holds since C(X) has specification; Condition (JTTJ) holds by Lemma I3T31 and 
Condition Ollj) follows from Lemma [3.41 Thus for p S B, all the hypotheses 
of Theorem ICl are satisfied, so the result follows. □ 

The following proposition gives necessary and sufficient conditions for p 
to have the Bowen property. 

Proposition 3.6. Consider p G A and let po = ^2 a w l[ w } be the associated 
grid function. Then p G Bow(£(X)) if and only if there is V < oo such that 
for every w G C(Y) and x G [w], we have \S\ w \po{%)\ < V. 

Corollary 3.7. IfY = {0} and p = p r + po G A with po = YI a wl[ w ]> then 
p G Bow(£(X)) if and only if ^ n a^ z converges for every z G A \ {0}. 

We briefly mention a condition under which it is easy to apply Theo- 
rem 13.21 Observe that whenever X has specification and p = p r + po G 
A(X, Y) for some subshift Y C X, the unique equilibrium state of p r is 
fully supported on X. Thus we often have P(Y,p r ) < P(X,p r ); for exam- 
ple, this holds whenever p r \y has a unique equilibrium state on Y. In this 
case there is a gap between the two pressures, and we put a condition on pq 
that guarantees the persistence of this gap for p. 

Corollary 3.8. Let X have specification and let Y C X be an arbitrary 
subshift. Suppose p = p r + po G A(X, Y) satisfies 

(3.6) -mfp <P(X,p r )-P(Y,p r ). 

Then p has a unique equilibrium state. 

Proof. Write p^ = min(0,(£>o)- Using the fact that the pressure function is 
monotonic [Wal82, Theorem 9.7] and the variational principle, we see that 

P(X, p) = P(X, p r + p ) > P(X, p r + Po)> P(X, p r ) - \\p Q || 

= P(X,^ r ) + inf^o > P(Y,p r ) = P(Y,p), 
where the last inequality uses (|3.6j) . Thus Theorem 13.21 applies. □ 
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Remark 3.9. If <p r = and Y is a single periodic orbit, then (|3.6p follows 
from the familiar condition that sup ip — inf <p < htop(X). 

3.3. Non-Bowen potentials for /3-shifts. We extend Theorem !3.2l to the 
setting when X is a /3-shift and Y = {0}. This will complete the proof of 
Theorem [Bj 

Theorem 3.10. Let p € ^(S^jjO}) be such that the numbers a w in Defi- 
nition HOI depend only on the length of w. If P(Sg,(p) > (p(0), then p> has 
a unique equilibrium state. Furthermore, this measure has the weak Gibbs 
property (|2.2p and is the weak*-limit of the periodic orbit measures (|l.ip . 

For the proof of Theorem 13.101 we define collections Q and C s in order to 
deal with both the non-Markov structure of and the failure of the Bowen 
property for tp simultaneously so that we can apply Theorem [Cj Recall the 
presentation of via a graph on a countable vertex set. Let Q be the 
collection of words w which label a path that either: (1) begins and ends 
at the base vertex v\ and has the additional property that w\ w \ ^ 0; or (2) 
begins at v\ and ends at vi- 

For the suffix set, take C s = C s < 1 U C s ' 2 U C s ' 3 , where 

C s > 1 = {w%v4 ■■■w^\m>l}-A-{0 i \£>0}, 
C s > 2 = {w$w§ ■ ■ ■ | m > 2} • A ■ {tf | £ > 0}, 

C s,3 = | Q £ | t > Q | 

It is clear that every word in C can be written as a word in Q followed by a 
word in C s . It follows from our earlier analysis of the /3-shift that Q{M) has 
(Per)-specification for every M. To prove Theorem 13. 101 we need only verify 
that C s satisfies Condition of Theorem O This is the content of §6.31 

3.4. Factors of /3-shifts. Let X be a subshift factor of a /3-shift. In [CTlOj . 
we proved that there is a natural way to write £(X) = GC S , which is inher- 
ited from the /3-shift. An easy variation of the argument in [CT10] shows 
that Q{M) has (Per)-specification and P(C s ,0) = 0. The following theorem 
is a corollary of this fact and our main theorem. 

Theorem 3.11. Let X be a subshift factor of a (3-shift, and let C(X) = QC S 
be the decomposition inherited from the ^ -shift. Suppose <p £ Bow(^) and 
supp — initp < h top (X). Then tp has a unique equilibrium state. 

Proof. We just need to check that P(C s ,p) < P(X,p). Since grows 
sub exponentially, we have P(C s ,tp) < sup p. By the variational principle, 



P(X,p) >h top (X)+mfp 

> h top (X) - (sup p - inf p) +P{C S , p) 

>P(C s ,p). □ 
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4. Non-symbolic examples 

We prove uniqueness of equilibrium states for systems that can be well 
coded by shift spaces meeting the hypotheses of our main theorem. 

4.1. Piecewise monotonic interval maps. We consider maps on the in- 
terval (perhaps discontinuous) which admit a finite partition such that the 
map is continuous and monotonic when restricted to the interior of any par- 
tition element. That is, let / = [0, 1] be the unit interval, and let /: I —■ I 
be such that there exists p > 2 and = ao < a\ < . . . < a p = 1 such that 
writing Ij = (ctj, Oj+i), the restriction f\j is a continuous, monotonic map 
for every j. 

Let S = {a ,...,a p } and I' = I \ \Ji>of^ S - We code ( J >/) b y the 
alphabet A = {0, . . . ,p — 1}; the symbolic dynamics of (I, /) is defined by 
the natural coding map i : I' — > A^, which is given by i{x)k = j if f k {x) G Ij. 
We make the assumption that i is well defined and injective on I' . This is 
clearly true when / is C 1 and satisfies > a > 1 for all x. When / is 

assumed only to be increasing on each Ij, a sufficient condition for i to be 
well defined and injective is that / is transitive [FP091 lPar64| . 

Definition 4.1. We say that a piecewise monotonic map admits symbolic 
dynamics if the natural coding map i : I' — > A N is injective. The symbolic 
dynamics of (I, f) is the symbolic space C A N given by = i(I'). 

We define it: — » I by ir(x) = Cl^Q f~ k I Xk , and recall the following 
important facts. 

(1) (/, /) is a topological factor of (£j,ct), with tt as a factor map. 

(2) 7r is injective away from a countable set. 

(3) Since any measure whose support is contained in a countable set 
is periodic, tt can be used to give a measure theoretic isomorphism 
between (E^,<r) and (/, /) for any measure which has no atoms. 

(4) Hence, to prove that ip has a unique equilibrium state on (/,/), it 
suffices to show that (p o tt has a unique equilibrium state which has 
no atoms. 

There is a natural identification between words w in and 'cylinder sets' 

tt(w) C /, where tt(w) = Hfc=o 1 f~ k Iu>k ■ Consider the class of functions 
C(I) = {ip: / ->IR|</jo7r€ C(Sj)}. For a function cp G C{I), we define 
a Bowen property which is adapted to the symbolic dynamics. For any 
Q C C(Ef), define 

V n (I,g,S n ip) = sup{\S n (p(x) - S n ip(y)\ | x,y G n(w),w G Q n }. 

We define Bow/ (Q) = {ip £ 6(1) \ sup n V n (I, Q, S n p) < oo}. For w G £(E/), 
we define 

p n (-K(w)) = SUp S n p(x). 
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Given a collection of words V C £(£/), we write V n = Dfl C n , and we 
consider the quantities 

A n (I,V,<p) = e^W). 

w£T>„ 

We define 

P(cp) = lim - log A n (I, £(£/),</>). 

n— s-oo n 

Theorem 4.1. Let f be a piecewise monotonic interval map which admits 
symbolic dynamics, and <p G C(I) be a potential. Suppose there exist collec- 
tions of words C P ,Q,C S C £(£/) such thatC p QC s = £(£/) and the following 
conditions hold: 

(I) Q{M) has (S)- specification for every M; 
(II) cp G Bowj(0); 

(HI) E„>iA„(/,CPUC s ,^)e-" p ^) <oo. 

Then cp has a unique equilibrium state li^. Furthermore, ll^ is fully sup- 
ported and satisfies the weak Gibbs property (|2.2p , // each Q(M) has (Per)- 
specification, [i^ is the weak* limit of the periodic orbit measures 

<"> E - W> £ eS "*" >s - 

Z^zePer„ ° x&er n 

Proof. The hypotheses of the theorem show that the function cpoir on (Sj, a) 
satisfies the hypotheses on Theorem O Thus, ipon has a unique equilibrium 
state oe Ej. We see from Remark 12.41 that this equilibrium state has no 
atoms, and therefore, the discussion above yields a unique equilibrium state 
for cp on (I, f). □ 

We show how to verify these hypotheses for natural classes of functions 
on some special classes of piecewise monotonic interval maps. 

4.2. (3- transformations and ^-transformation. Let F : I — > M be an 

increasing C 1 map such that F(0) = 0, and suppose that there exists a > 1 
such that F'(x) > a > 1 for all x G /. Let /: [0,1) -> [0,1) be the map 
given by 

f(x) = F(x) (modi). 
Following [Wal78, Sch95] . we call such a map an ^-transformation (in [Hof87], 
these are called monotonic mod 1 transformations). When F(x) = f3x for 
some f3 > 1, we recover the definition of the /3-transformation. 

As described in [FP09], it can be shown that writing b = |\F(1)], the 
space C has a lexicographically maximal element w, and can be 
characterised as 

£/ = {x G £+ | ^ a n x < w for all n > 0}. 

In other words, the symbolic dynamics of (I, f) is a /3-shift. Since / is 
uniformly expanding, it is easy to check that if ip G C(I) is Holder, then cp G 
Bowj(I) and thus cp o 7r G Bow(£f). Proposition 13.11 shows that Condition 
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(|III[) of Theorem ICl holds for ip on, and thus ip o ir has a unique equilibrium 
state (which has no atoms). Thus, by the comments above, <p has a unique 
equilibrium state. In summary, we obtain 

Theorem 4.2. Let f : [0, 1) i— > [0, 1) be an F -transformation and tp E C(I) 
have the Bowen property. Then <p has a unique equilibrium state Fur- 
thermore, flip is fully supported and satisfies the weak Gibbs property (|2.2j) : 
it is also the weak* limit of the periodic orbit measures (14. 1 p . 

4.3. A generalisation of the Manneville-Pomeau maps. We explain 
how Theorem 14.11 can be applied to the maps in Example II. 1[ Recall, we fix 
7 > and e € (0, 1) and define 

(4.2) f{x) = x + 7 x 1+£ (mod 1). 

When 7 = 1, / is the well-known Manneville-Pomeau map. More generally, 
/ is an .F-transformation, albeit with only non- uniform expansion. The 
characterisation of the symbolic dynamics for ^-transformations holds true 
in this case, and we see that there exists (5 > 1 such that the symbolic 
dynamics of (I, f) is S^. 

Consider the geometric potential (p(x) = — log |/'(a;)|. When t < 1, we 
show that tip o 7r is a function on of the type studied in §3.21 

Theorem 4.3. Fix 7 > and < e < 1, and let f be the piecewise 
monotonic interval map defined in (|4.2p . Let <p{x) = —\og\f {x)\ be the 
geometric potential. Then for each t < 1, the potential tip has a unique 
equilibrium state [if The measures fit have the weak Gibbs property ()2.2j) 
and are the weak* limit of the periodic orbit measures 

y { Ly (x)) - t E (U n )\ X ))-%. 

On (—00, 1), the pressure function t 1— > P{t<p) is C 1 and strictly positive. 

Proof. We show that ip o n G *4(£^,{0}), and it immediately follows that 
tip o 7r G ACE/3, {0}) for all t. For t < 1, we then verify the hypotheses of 
Theorem 13. 101 to establish uniqueness of equilibrium states. 

Let xq be the solution of x + ^x 1+e = 1, and let x n be the unique number 
with < x n < xq and x n _i = f{x n ). Note that if Iq is the first interval 
of monotonicity of (/,/), then Lq = (0, xq). Note also that for any n > 1 
and z 7^ 0, that 7r(0 n z) € [i n ,i„_i]. Using the notation conventions of §3.21 
we find functions ipo and ip r so that ip o n = ip r + ip®. With X = and 
Y = {0}, we have T(X, Y) = {0 n c | n > 0, c G {1, . . . , b - 1}}. Define a grid 
function <po as in Definition 13.11 using the values ao« c = ^(^n); so that 

<Po(x) = <p(x n ) whenever ir(x) G (x n+ i,x n ], 

and ^o(0) = 0. Let <p r = (p o tt — ip$. The following lemma is proved in §6.41 

Lemma 4.4. The potential cp r has the Bowen property, while the potential 
ip o 7r does not. 
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Remark 4.5. The first part of Lemma 14.41 is immediate if <p has the Bowen 
property with respect to the countable partition {(xq, 1], (xi,xo], (x2,x\], . . .}, 
and this is essentially what we prove. For the Manneville-Pomeau map, this 
was shown by Sarig in [SarOU Claim 2]. Our proof relies on elegant elemen- 
tary distortion estimates proved by Young |You99t §6]. 

We now assume that t < 1 and verify that P(t<p) > 0. A key ingredient is 
the following lemma, whose proof was communicated to us by D. Dolgopyat. 

Lemma 4.6. Let Z = {x G / | lim ± log(/ n )'(x) = 0}. Then Leb Z = 0. 

This is the key tool in deriving the following estimate. 

Lemma 4.7. For the geometric potential p = — log/', there exists A > 1 
such that P{tp) > (1 — t) log A > for all t < 1. 

Applying Theorem 13.101 this shows that tip has a unique equilibrium 
state for every t < 1. Because the entropy map is upper semi-continuous, 
this implies that the pressure function is C 1 . □ 

Remark 4.8. The assumption that < e < 1 is only used in the proofs of 
Lemmas 14. 61 and 14. 71 If the inequality P(t(p) > for t < 1 can be established 
by other means, then Theorem 14.31 follows even if e > 1. 

5. Proof of Theorem O 
5.1. Estimates of partition sums. 

Lemma 5.1. For every M > 0, there exists Dm > such that A n (Q(M), ip) < 
D M e nP ^ for all n. 

Proof. Using Condition (|l]), there is a map it: Q(M)^ — > £ fc ( n+tM ) such that 
tt(w) = w 1 v 1 w 2 ■ ■ ■ w k v k for some v i E C-t M - Let Vm '■= sup n V n (G(M), S n tp), 
and observe that 

V M < 4M\\<p\\ + sup V k (g,S k ip) < oo, 

k 

using the fact that ip £ Bow(^). Furthermore, 

k 

<Pk{n+t M )(K(w)) > ^(pniw 3 ) - k(V M +t M )\\ip\\. 
i=i 

Thus we have 

A fe(n+tM) (£,¥>)> E e^U^))-HVM + t MM ) 

= (A n (g(M),p)e-^' +t ^) k , 

whence 

—L-logAnCSCM),?) < 1 logA Kn+tu) (£,<p) + VM + *f M . 
n + t M k(n + t M ) n + t M 
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Sending k — > oo gives 

licA.wio.rt < m*(m + Vm + !: ,m ) □ 

n n \ n + iM J 

Proposition 5.2. Suppose T> C C and C\ > are such that A n (T>,<p) > 
(j ie nP{ip) j Qr ever y n ^ Then for every 5 > 0, i/iere exists M G N suc/i 
f/iai A n (X> n <?(M), ¥?) > (1 - <5)A n (P, </?) /or ewery n G N. 

Proof. Let a; = A;(£7 U C s , ip)e~ iP ^\ so £\oi < °o by Condition (Oil . 
Every word y G £> n has the form uvw for some u E Cf , v E Qj, and u; G C|, 
where i + j + k = n. If i V A; < M, then y G Q(M); thus using the inequality 
Vn{y) < + + ¥k(w), we have 

A„(p,^) < A n (vng(M),<p)+ Yl K(c p ,i P )A j (g,i P )A k (c s ^). 

i+j+k=n 
iVk>M 

Multiplying both sides by e~ nP ^ and using the result of Lemma 15.14 we 
obtain 

A n (V, <p)e~ nP ^ < A n (V n G(M), <p)e~ nP ^ + ]T ai a k D . 

iVk>M 

Because ^ a» < oo, we can choose M such that 

a i a k D o < SC X < 5A n (V,<p)e- nP ^\ 

iVk>M 

and so we have 

(1 - 5)A n (V, ip)e- nP ^ < A n (V n Q(M), ip)e~ nP ^ . □ 

Proposition 5.3. There exists C 2 > such that e nP ^ < A n (£,<p) < 
C 2 e nP ^ for all n. 

Proof. Define a map tt : |J£n A ~~ ^ by ir(w) = w\ . . . w n . Then ip n k(w) < 
Yji=i t Pn(^(o'^~ 1 ^ n 'w)), which gives 

A nk (C^)< £ e^UM^-^)) < AnM K 
wec nk 

Thus 4 log A nk (£, (p) < ^logA n (£,(p), and sending k ^ oo gives the first 
inequality in the statement of the proposition. 

For the second inequality, we apply Proposition 15.21 with T> = C to see 
that there exists M such that A n (£?(M), > |A n (£, </?) for all n G N. An 
application of Lemma 15 . 1 1 completes the argument. □ 

Given fi G 7W(X) and V n C £„, we write /J,(T> n ) = KiJwev n [ w ])- 

Proposition 5.4. For every 7 > 0, i/iere exisi M G N and Ci > suc/i 
i/mi i/ ^ is an equilibrium state for ip, then every collection V n C C n with 
f(Pn) > 7 satisfies 

(5.1) A n (Pn£(Af),^) >C ie nP ^. 
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Proof. Recall that the entropy of v is given by 



h(u) = mf — — u(w) log v(w), 
n>i n 

and so for the pressure P(tp) = h(u) + J (pdv, we get 



nP{ip) = n 



Observe that 

^2 V{w)(<p n (w) - \ogv(w)) 



,^ \ \ -> u(w) ( , . u(w) , .„ ,\ 

= "(*>») JC ^) " ^ " ^ ^ J 

< ^(P n )logA n (P,(^) -i/(X> n )logi/(X> n ), 

where we use the fact that if Oj > 0, Yli a i = 1; an d Pi £ ^, then 

^2 a i (Pi ~ lo § °i) < lo S ' 

Now writing = £ n \ 2\, the above estimates give 

nP(<p) < v{V n ) log A n (V, ip) + log A„,(D C , y>) + iJ, 

where H = sup te j 0; i](— i logt — (1 — t)log(l — t)). Using the fact that 
A n (T> c ,p) < A n (£,ip), we see from Proposition 15.31 that 

nP(<p) < v(V n ) log A n (V, <p) + (l- v(V n )){nP(<p) + log C 2 ) + H 

= v(V n ){\og A n (V, ip) - nP{<p) - log C 2 ) + nP(<p) + log C 2 + H. 

Now since v(T> n ) > 7 ? w e have 

i A en \ t>( \ i ^ >> logC2 + ^ . logCa + ff 
log A n - nP(ip) - logC 2 > — — — > , 

v\D n ) 7 

which shows that there exists C\ > such that A n (T>,cp) > C\e nP ^\ An 
application of Proposition 15.41 completes the proof. □ 

Remark 5.5. Let X be any symbolic space and ip £ C{X). Suppose that the 
inequality A n (£(X),(p) < Ce nP ^ is satisfied. The proof of the previous 
lemma shows that if v is an equilibrium measure for ip and T> C £{X) 
satisfies v{D n ) > 7 > for all n, then there exists K > so that A n (D, ip) > 
Ke nP ^\ This rather general statement should be of independent interest: 
in particular, it shows that if P{ip) > and A n (£(X),ip) < Ce nP ^ then 
every equilibrium measure for (p is non-atomic. 
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5.2. A Gibbs property. We build an equilibrium state fj, clS ct limit of 

5-measures \x n distributed on re-cylinders according to the weights given by 
e tp„(w)_ t/o be precise, for each w G C, fix a point x(w) G [w]; then consider 
the measures defined by 



n-1 



and let /i be a weak* limit of the sequence fi n . It is shown in [Wal82. 
Theorem 9.10] that h(/i) + J tpdfj, = P(<p), so it remains to show that there 
can be no other equilibrium states. 

Proposition 5.6. For sufficiently large M , there exists a constant Km such 
that for every n G N and w G Q{M), we have fj,([w\) > K M e~ nP ^ + ' Pn ^ w ' ) . 

Proof. Combining Propositions 15.2 1 and 15.31 we see that for large enough M 
there exists C = C(M) > such that A n (g(M), <p) > Ce nP ^ for all n. 

Fix w G Q{M) n . We estimate fi m (w) for large m by first estimating 
^m(c {w)). Let tu be the gap size in the specification property, and let 
l\ = k — tu and £2 = m — k — tu — n. From Condition ([T]), for every 
v l G Q(M)p- there exist words u ,u 2 G Ct such that v l v}-wu 2 v 2 G C m . Since 
different choices of v , v 2 give different words in C m , this defines an injective 
map vr: Q(M) fl x Q(M) h -> £ m . Note that 

ip m (Tt(v l ,v 2 )) > yt x (v\) + tp n (w) + yt 2 (y 2 ) - 2t M \\y\\ ~ 3V, 
and this allows us to estimate that 

l^v 1 £g(M) f ,,v 2 eg(M) Pn e 



v m [a K [w)) > 



2 



> 



A m (C,(p) 

A il (g(M),(p)e^^A i2 (g(M),(p) e - ( - 3V+2tM M 
A m (C,ip) 



Using the lower bound given above for A^(£7(M), (p) together with the result 
of Proposition 15.31 we have 

C 2 e (e 1 +e 2 )P( v ,) e <p n ( w ) e -(sv+2t M \\<p\\) 
v m {e k {[w])) > 



C 2 e mP &) 

= c 2 C 2 ' 1 e~( 3V+2tMM h~ 2tMP ^e~ nP ^ +ipn( -' w \ 
Since this holds for all k and m, we are done. □ 

The Gibbs property above shows that if /U is ergodic (which we will verify 
shortly), then \x is not atomic. 

Lemma 5.7. There exists C3 > such that for every re G N and w G C n , 
we have n(w) < C 3 e- nP ^ + ^ w \ 
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Proof. Fix m > n and k < m — n. Using Proposition 15.31 we have 

A k (C^)e^A m ^ n (C^) 



< 



A m (C,(p) 

C| e (m-n)P(v3) e Vn(w) 



e mP(f) ' 

and the result follows upon passing to the limit. □ 

Using the Gibbs property, we show that /i is concentrated on cylinders 
from Q(M) in the following sense. 

Lemma 5.8. Let 5\ > 0. There exists M such that for all n, any subset 
T> n C C n satisfies n(T> n n Q{M)) > fi(V n ) — Si. 

Proof. By Proposition 15.21 there exists M such that for all n, 

A n (g(M) c , v ) < (5 1 C 3 - 1 C 2 - 1 )A n (£,^). 

Together with Proposition 15.31 and Lemma 15.71 this gives 

KG(M) C ) < C 3 A n (g(M) c ,ip)e- nP ^ < (5 1 C^ 1 C 2 1 )C 3 C 2 = 8 U 

and the result follows. □ 

5.3. Ergodicity of fi. 

Proposition 5.9. If two measurable sets P, Q C X both have positive fi- 
measure, then lim ra _!. 00 fi(P n o~ n Q) > 0. 

Proof. We start by considering the case where P and Q are cylinders corre- 
sponding to words in Q(M). 

Lemma 5.10. For all sufficiently large M , there exists Em > such that 
ifu,v£ Q{M), then lim^ ¥oo u(\u] fl a~ n \v]) > E M n{u)^{v). 

Proof. As in the proof of Proposition 15.61 we take M and C = C(M) such 
that A n (Q(M),(p) > Ce nP{ v) for all n. Now fix u,v G Q(M), let m G N be 
large and fix K m. We estimate 

(u m o a- k )([u] n a~ n [v]) = u rn {a- k [u] n [«]). 

Write t\ = k — tM, £2 = n — \ u \ — 2tM, and £3 = m — n — k — \v\ — Im and 
notice that £\ + £2 + £3 — m = — (4tjy + \u\ + Using Condition (jl|), for 
every (ur, w 2 , w 3 ) G x £^ 2 x ^ 3 there exist x , x 2 , x 3 , x 4 G Ct M such that 

w x ux w x vx w G £ m . 
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As in Proposition 15.61 it follows that 
(v m oa~ k )([u\ Da- n [v]) 



> 



> 



A m (£, ¥>) 

C3 e (h+h+h)P(<p) e <P\ u \(u) e V\v\{v) e -(W+4t M y\\) 
C 2 e mP &) 

> C3 C -l e -|«|PM+^| u |H e ~k|P(^)+^|„|(^) e ~4t M P(^) e -(3V+4t M || v ||) 

>C 3 C 2 - 1 e- 4 ^ p ^e-( 3V ' +4 ^^l^( U )^( W ), 

where the last inequality follows from Lemma 15.71 This holds for all k and 
m, whence we have the desired result. □ 

Given P C G(M) m , let [P] = \J weP [w}. Then for P, Q C G(M) m , we 
have 

f,([P]na- n [Q})= MM n *->']), 

weP,w'eQ 

and using Lemma 15.101 we see that 

(5.2) lim M ([P] n a- n [Q}) > E M fx(P)fx(Q). 

To complete the proof of Proposition 15.9} we let P, Q C X be any mea- 
surable sets with positive [i- measure, and take < b\ < n(P) A n(Q). Let 
M be as in Lemma 15.81 

Fix e > and choose sets U, V that are unions of cylinders of the same 
length, say m, and for which fi(U A P) < e and fj,(V A Q) < e. Let 
U' = UH [G(M) m ] and V = V D [G(M) m ]; then by Lemma E3 we have 
n(U') > [J>(U) — 6i and fi(V) > fJ,(V) — 5\. Furthermore, using (15. 2p . we see 
that 

lim n(U' na- n (V')) > E M n{U')n{V), 

n— ¥oo 

whence 

(5.3) lim n{U n a~ n (V)) > E M (fi(U) - 5{){n{V) - S{). 
n— ¥oo 

Finally, we observe that 

\fi(u n a- n (v)) - fx(P n a- n (Q))\ < m((c/ n a~ n (y)) a (p n <y- n (Q))) 

< fx((U A P) n a~ n (V A Q)) < e 
for every n, which together with (|5.3|) implies 

lim M (P n a- n (Q)) > Sjif (m(P) - *i)(M(Q) " <*i) - s. 
Since e > was arbitrary, this completes the proof. □ 
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5.4. Uniqueness of \x. Let // be the ergodic equilibrium state constructed 
in the previous sections, and suppose that some ergodic measure v _L \i is also 
an equilibrium state. Let T> be a collection of words such that u(V n ) — > 1 
and n(T> n ) — > 0. Applying Proposition 15.21 we may assume that M and 
C\ > are such that 

K{vng(M)^) >de nP ^ 

for every n. Using the Gibbs property from Proposition 15. 6\ we have 

> l*(P n n g(M)) > Y, K M e~ nP ^ + ^ 
wev n nQ(M) 

= K M e- nP ^A n (V n Q(M),(p) > K M d > 0, 

which contradicts the fact that n(T> n ) — > 0. This contradiction implies that 
every equilibrium state v for ip is absolutely continuous with respect to [i, 
and since [i is ergodic, this in turn implies that v = fi, which completes the 
proof of Theorem [Cj 

6. Proofs of results from Sections [3] and 0] 

6.1. Proof of Proposition [37D Let S C be an SFT containing 0. This 
is possible by fixing N € N and taking the shift space defined by all the paths 
on the graph presentation of which never leave the first N vertices of the 
graph. Then there is a unique equilibrium state ji' for </>|e, and // is fully 
supported on S. In particular, // is non-atomic, and so 

P(Zp,ip) > P(Xp,,<p) = V(/) + J 'pdfj,' > <p(0). 

Let V = max{sup ra V n (C, S n ip), \\<p\\oo}, and fix 5 > such that 
(6.1) p(0) + 85V < P(Ef),(p). 

Fix n > 1 and let w = Wy ■ ■ ■ Wn be the unique word in C s n . Let a n be the 
number of non-zero entries in w; that is, a n = #{i 6 {1, . . . n} \ Wi ^ 0}. 
For every < k < a n , let Ak be the set of words obtained by changing 
precisely k of those entries to 0. Observe that Ak C C n (this follows from the 
characterisation of Tip in terms of the lexicographic ordering). Furthermore, 
for each v € Ak, we have 

1 2 k-\-1 

W = W X\W X2 ■ ■ ■ X^W , 

v = w 1 0w 2 ■ ■ ■ 0w k+1 , 

where w % G £ and Xj € A (Recall that A is the alphabet of the shift.) 
Writing <&{u) = ip\ u \(u) = sup^g^j S\ u \(p{x) for u S £, we have 

|$H - (^(w 1 ) + $(xi) + $(w 2 ) + $(x 2 ) + • • • + <5>{w k ))\ < {2k + l)V, 
- {^{w 1 ) + $(0) + <S>{w 2 ) + $(0) + • • • + <$>{w k ))\ < {2k + 1)V, 
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and so 

k 

- < (4k + 2)V + \®( x i) ~ $(0)1 < ( 5k + 2 ) v - 

i=l 

We use the bound \&(v) — $(w)\ < 7fcV. There are ( a ^) distinct words in 
»4fc, and so 



Summing over all k gives 

-7V^a, ; 



A n (C, cp) > £ ( a A e *M e -rkv = e #H (1 + 



-7V\ 



k=0 

In particular, if a n > 5n, then we have 

(6.2) ~logA n (£ )¥ >) > -<p n (w) + 6 log(l + e 

n n 

On the other hand, if a n < 5n, then we can use a similar argument to 

compare (p n (w) and nip(0), obtaining 

(fniw) < mp(0) + 75nV. 

Using (|6.ip . this gives 
1 



71 



¥>nM < ¥3(0) + 75V < P(£p, if) - SV, 



which together with (|6.2p shows that 



lim -S n <p(w{fi)) <P{^^)-5mm{V,\og{l + e- w )} <P(S /3 ,^), 

n— >oo 71 



establishing (|3,4p and hence ()3.3p . 

6.2. Proof of Proposition 13.61 and Corollary 13.71 

Proof of Proposition Iff. 61 It suffices to restrict our attention to the grid func- 
tions ifo. Fix w G £(X)n and let 

m = min{fc | a k (w) G C(Y)}. 

Then for all < k < m, we have a k (w) G £{X) \ C(Y), whence tpo is 
constant on [a k (w)]. 

Now suppose that V exists such that the bound in the hypothesis holds. 
We see that for every x, y G [w] we have 

\s NVo ( x ) - s N Mv)\ = \s N -mMv m (x)) - s N - m M° m (y))\ < 2V. 

For the converse, fix V G K and take io G £(Y)at and x G [io] such that 
\Sn<po(x)\ > V. Take y G Y" n [w], and note that ip Q (a k (y)) = for all fe > 0. 
Consequently, we have 

Vn(£{X),S N (po) > \Sn<Po(x) - S N ip (y)\ > V. 
Since V was arbitrary, this shows that (fo £ Bow(£(X)). □ 
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Proof of Corollary In this case, T(X,Y) = {0 n z \ n > 0, z G A \ {0}}. 
If x G [0 n z], then a(x) G [0 n_1 z], so for x G [O^z] we have Sn¥o(x) = 
J2n=i a o n z- If V = max{| J2n>o a o n z\ \ z € A\ {0}} < oo, it follows from 
Proposition 13.61 that <po has the Bowen property. Conversely, if V = oo, it 
is clear that Sn(Pq(x) can be arbitrarily large. □ 

6.3. Proof of Theorem 13.101 Let Q and C s be as in the discussion follow- 
ing the statement of Theorem 13. 101 We show that P(C S , (p) < P{<p) in order 
to apply Theorem O Because grows sub exponentially, it will suffice to 
show that there exists 5' > such that 

(6.3) -S n <p[x) < P{<f) ~ $ 

re 

for every sufficiently large re and every x G [w] for weQ. The proof of (|6.3p 
is similar to the proof of Proposition 13.11 but greater care must be taken 
since ip does not have the Bowen property. We write (p = cp r + tpo, where 
the following properties hold: 

(1) there exists V > such that V n (C, S n ip r ) < V for all re; 

(2) (po = J2e>o a ^[o e A+] f° r some sequence at tending monotonically to 
0, where A + = A\{0}. 

Write se = Sj=ol a ili then S£ = \St+i(po(x)\ for all x G [0 £ ^4 + ]. Observe 
that because a,j converges monotonically to 0, so does the sequence jSg. In 
particular, using the assumption that ip(0) < P(<p), there exists L such that 

(6.4) <p(0) + j SL < P(tp). 
Fix 8 > such that 

(6.5) p{0) + jS L + 85V + 5s L < P(<p), 
and fix 7 > such that 

(6.6) 8' := --7log7-7(7V + Si ) > 0. 

Fix re large enough such that ^ log n < 8', where C > is a constant which, 
from Stirling's approximation formula, satisfies 

(6.7) | log ml — (rre log rre — m) \ < C log rre 

for all rre. We fix w G C n and show that (|6.3p holds for every x G [w\. Write 

w = tf*x 1 tf 1 x 2 ---x k tf h 
for some x% G A + and £{ > 0; then for every x G [w], 

(6.8) S„^o(z) = ±(s* +«<! + ••■ + S4-J + ^4Vo(0 4 • a n (x)), 

where the choice of sign depends only on whether the sequence a n takes 
positive or negative values. Consider the set of indices 

Q = {l<i<k\£i<L}. 
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Lemma 6.1. If #Q < 8n, then (I6.3D holds for every x € [«;]. 
Proof. By the argument in the proof of Proposition 13.11 we have 

(6.9) S n (p r (x) < mp(0) + 75nV, 

so we must estimate S n ipo(x). We see from (I6.8D that 

J\ t- 1 
S n tpo(%) < se + s h H 1- s 4 < <^ ns L + 2J T Si - 5nSL + n £ Sz " 

i=0 

where the second inequality uses the fact that if li > L, then j-s^. < j^sl- 
Together with (|6.9p and (|6.5p , this completes the proof of the lemma. □ 

Thanks to Lemma [6. lj. it only remains to consider the case where w € C n 
is such that #Q > Sn. Writing Q = {ii, t2, ■ ■ ■ , «#q}, where i\ < %i < ■ ■ ■ , 
consider the subset Q' = {ix, 13, is, . . .} C Q. Then we have > \o~n and 
\j - i\ > 2 for all i, j € Q'. 

Given P C Q', let u/ be the word obtained from w by changing Xi to 
whenever i € -P. It follows from the characterisation (|3.2H of that u/ € C. 

Given x G [w] and y G [W] we have as in Proposition 13.11 that 

(6.10) \SnVr(x) - S n <p r (y)\ < 7{#P)V. 

Changing x.- L to results in a block of 0s of length t- L -i + £i + 1 (using the fact 
that P does not contain two consecutive integers). Using (|6.8p . this gives us 
the following estimate for ipo - . 

(6.11) \S n cp (x) - S n (p (y)\ < ^2 l s A-i+^+i - s 4-i - s k\- 
Furthermore, we have 

1*4-1+4+1 - S4_! - s^l = (N ~ l a 4-i+il) - X] l a il = s 4+i' 

i=i j=i 

whence (|6.1ip yields 

\S n (p (x) - S n (p (y)\ < ^s^+i < {#P)sl- 

ieP 

Together with (I6.10P and the observation that there are ) ways to choose 
P with j^P = m for < m < #Q' , we see that 

(6.12) A n (£, (f) > (#Q'\ e S n <p( X )-m(7V+s L )_ 

\ m J 

An elementary calculation shows that for all m and N, (|6.7p yields 

(6.13) log(^>Ar(-^log^)-3ClogiV. 
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Taking logarithms in (I6.12p and applying (|6,13p yields 

(777 777- \ 

- 1o S #q7 ) ~ 3C lQ g *Q' + S Mx) - + »£) 

for every < m < #Q'. Using the inequality ^5n < #Q' < n and choosing 
m such that 7#Q' < m < 2^f#Q' , we obtain 

(6.14) logA n (£,v?) > -<5n(-7log7)-3Clogn + 5 n ^(ar)-2 7 n(7F + s L ). 



In particular, applying (|6.6j) gives 

1 11 3C 

-logA n (£ )¥ >) > -5 n ^(a;) + -5(-7log7)-27(7T/ + s L ) logn 

n n 2 n 

1 3C 

= —S n (p(x) + 25' log n. 

n n 

Thus all sufficiently large values of n satisfy 

-JogAnCAv) > 
n n 

and (16.31) follows. 



6.4. Proofs of lemmas used in Theorem 14.31 For any 7 > 0, the be- 
haviour of the map / near the fixed point is described by the discussion 
in |You99l §6]. The following lemma, which is proved by an elegant elemen- 
tary argument is crucial for our analysis. 

Lemma 6.2 ([You99], Lemma 5). There exists L > such that for all i,n 
with < i < n and for all x, y € [x n+ i,x n ], we have 

I log(f )'(*) - log(f )'y| < L \ flx ~ fly \ < L . 

\Xn—i X n — 

In the remarks preceding that lemma, Young shows that there exists 
E\ > such that 

(6.15) x n -x n+l <E in -( 1+1 / £ \ 

Lemma 16.21 and (|6.15p are the only two results we use from [You99| ; in 
particular, we do not use any of the results that rely on building towers. 

Proof of Lemma \4-4\ We start by estimating the variation on words of the 
form n z, where z G {1, — 1}. Suppose x, y S 7r(0 n z); then by Lemma 



\S n <p(x) - S n <p(v)\ <L x \f n x-f n y\, 
where L\ = L\xq — Furthermore, since f n x,f n y £ ^{z), and / is 

uniformly C 2 on each tt(z) with z / 0, there exists L2 so that 

(6.16) \S n+ Mx) - S n+ My)\ < L 2 \f n+l x - f n+l y\. 

Note also that since <po is constant on n(0 n z), we have 

\S n ip r (x) - S n tp r (y)\ = \S n cp(x) - S n ip{y)\. 
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Now we consider more general words. Take A > 1 such that / expands 
distances by a factor of at least A on each interval Ij with j ^ 0. Thus given 
any word w G £(S^) with k non-zero entries, we have 

(6.17) diam(7r(u;)) < A~ fc . 

Fix w G £(£^)at and write 

w = £l z^' 2 z 2 ■ ■ ■ z m im+1 , 

where £j > and Zj G {1, . . . , b — 1} for every j. Let x, y G tt(w). Then, 
letting k\ = and kj = (j — 1) + 2^ =1 4j and using (16. 16h and (|6.17j) . we 



have 



\S N -e m+1 <f r {x) - S N -i m+1 <p r (y)\ < ^2 \Se 3+ Mf k3 x) - St> j+ np{f k iy)\ 

3=1 

m m 

<LxY^ \f k]+1 x - f k i +1 y\ diam(7r(0^+ 1 z i+ i • • • z m 0^ l+1 )) 



< L\ \- {rn - j) < Li(l - A" 1 )" 1 =: L 3 . 
i=i 

Now let x' = f N ~ e m+i x an d y i = fN-£ m+ly _ Then x / jy / g ^^qJV-Wi). 
Suppose x' G 7r(0 ni 2i) and y' G 7r(0 n2 22) for some 2i, 22 > 0. Then, applying 
Lemma 16.21 

\S£ m+l <Pr{x')\ = \Si m+1 ip(x') - Si m+1 <p( x ni-l)\ < L, 
and similarly for y'. We conclude that 

\S n (f r (x) - S n <fr(y)\ <L 3 + l^^r^Ol + l<%i¥V(y')l < L 3 + 2-L, 

which shows that ip r has the Bowen property. To see that (p itself is not 
Bowen, it suffices to show that 

sap{\S n <p{x) - S n (p{y)\ \x,y€ ^(0 n ),n G N} < J^¥>(a? r 

This follows quickly from the observation that 



oc. 



n 
k=l 



\(f n )'(Xn)\ « X- 1 



GO. 



□ 



Proof of Lemma \4-6\ To prove Lemma 14. 6\ we use an argument communi- 
cated to us by Dmitry Dolgopyat. Lemma 13.31 shows that 92 G Bow(t/), 
and thus there exists V > such that |5 n (log f')(x) — Sri (log f')(y)\ < V 
whenever x,y G 7r(u;) for some u; G (7 n . Using properties of logs and ex- 
ponentiating gives the following bounded distortion result, where we write 
£0 = e v : 



.18) 



1 <W<E . 



E ~ U n )'{y) 
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Given x £ S^, let £j = £j(x) > and Zj G A \ {0} be such that 

x = 0^ Zl 0^z 2 

Because / is uniformly expanding away from 0, it is easy to see that ir(x) G 
I\Zq whenever lim ~£n{ x ) < °°- Thus it suffices to show that there exists 
L < oo such that Z = {ir(x) \ lim^£ n (x) > L} has zero Lebesgue measure. 
To this end, consider the set 

n(rai, m,2, . . . , m n ) = {vr(x) | £j(x) = rrij for all 1 < j < n}. 

It follows from ()6. 15j) that 

(6.19) Leb O(m) < Ei777" (1+1/£) 

for every to; we claim that there is a constant E 2 such that 

(6.20) Leb(0(777i, 777 2 , . . . ,m n )) < E% (mi • • • 777 n )~ (1+1/e) . 
Using the bounded distortion estimate (|6.18p and the observation that 

Leb(/ mi+ - +m " + "(fi(m 1 ,..., 777 n ))) 

is uniformly bounded below, we conclude that there are constants E$,E4 
such that 

Lebfi(TOi,...,TO n ,rn n+ i) < Leb/ mi+ - +m " + "Q(777i, . . . , m n , m n+ i) 

Leb 0(7771, ... ,777 n ) ~~ 3 Leb/ mi + -+ m "+ n O(777i,...,777 n ) 

< E4 Leb 0(777 n+ i). 

Using (|6.19p and iterating gives ()6.20p . 

Choose N such that Y*m=N E 2 m- {1+1 / e ^ < 1 and let X,- t be i.i.d. N- valued 
random variables such that P(Xi = m) = E 2 m~( l+l l e ^ for every m > N, 
and P(Xi = N) = 1 - £ m>7V £ 2 m~ (1+1/e) - Then we have 

n 

LebO(mi,...,m n ) < JJmJ (1+1/e) < ]"[ P(Xj = rrij) 

j=l rrij>N 

= P(Xj = rrij for all j such that rrij > N), 
and in particular, for L > N we have 
1 n 

Leb{vr(x) -^lj{x) > l} 

< P{Xj = rrij for all j such that 777j > iV) 

m-lH hm n >nL 

<P(Xi + ---+X n >77(L-iV)). 

By the law of large numbers, this goes to as 77 — > 00 provided we take 
L- N >Y^ rnP{Xj = m) = NP(Xj = N) + ^ E 2 mT xje , 

m>l m>N 
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which we can do since the sum converges. This completes the proof of 
Lemma 14.61 □ 



Proof of Lemma \4- T\ We begin with the observation that 
A n (£,^)= Y, SU P (f 



As a consequence of Lemma l4.61 there exists a set Z + C /, an integer N G N, 
and a number A > 1 such that {f n )'(x) > X n for every x € Z + and n > N, 
and moreover Leb Z + > 0. Let V = {w € C \ ir(w) n Z + / 0}, and for each 
w S T> fix a point x w € 7r(w) n Z + . Thus for every n > N, we have 

w£T> n 

> E (D , (^)~ 1 A n(1 - t) e- v -^»^). 
Furthermore, we have 

Leb(7rH)<Leb(/ n (7rH))f inf (/"/(x)) < (/^M" 1 ^^, 
and so 

A n (£,^)> £ Leb(vrH)A"( 1 - i )e-( 1+ l t l) v/ "( £ ^ 
> Leb(Z + )A n(1 ~%~ (1+l * l)y ™ (A5n< ^. 

This yields 

-logA n (£,^) > (l-t)logA+ilogLeb(Z+)-^-tB^ n (A5^), 
n n n 

and since </? is continuous the final term goes to as n — > oo, whence 
(6.21) P(C,t(p) > (l-i)logA > 

for every i < 1. □ 
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